Abstract. The comparison of differential operators is a problem of the theory of partial differential operators with constant coefficients. This problem up to now doesn't have a complete solution. It was formulated in the sixties by Lars Hörmander in his monograph "The Analysis of Linear Partial Differential Operators". Many facts of the theory of partial differential equations can be formulated by using the concept of pre-order relation over the set of differential operators, however it is too complicated to check the comparability condition of two differential operators. In this paper we get some sufficient conditions for the comparability of two differential operators.
1
Introduction Let P OL I C (n, m) be the set of all polynomials in n variables with complex coefficients of degree m, and P OL IR (n, m) be the set of all polynomials in n variables with real coefficients of degree m, and P (ζ) = α C α ζ α any such polynomial , where α is multi-index, that is an n-tuple (α 1 , · · · , α n ) of non-negative integers.
Definition 1. The functionP (ζ) = α |∂ α P (ζ)| 2 of the polynomial P (ζ) is called Hörmander's function. Definition 2. If P (D) and Q(D) are differential operators such thatQ (ζ) P (ζ) < C, ζ ∈ IR n , we shall say that Q is weaker than P and write Q < P , or that P is stronger than Q and write Q < P . If P < Q < P , the operators are called equally strong.
The space P OL I C (n, m) has the dimension ν = (m+n)! m!n! . We denote by τ ζ the linear translation operator by a vector ζ ∈ I C n . The following formula holds [see [3] chapter 2]:
Definition 3. For each P (ζ) ∈ P OL I C (n, m), we will denote by span I C (τ IR n (P )) the linear span of translation {P (ζ + x) : x ∈ IR n }.
x ∈ IR n }is the IR−manifold of linearity of the polynomial P and dim Λ IR n (P ) is some space in IR n such that IR n = Λ IR n (P ) ⊕ Λ IR n (P ).
We should point out that each element
where η i , i = 1, ..., l are arbitrary vectors from IR n and t i , i = 1, ...l are arbitrary complex numbers.
We note that the coefficients
i , |α| ≤ m can be given any values which are symmetric over the indices α 1 , ..., α n that corresponds to the choice of l, t i and η i , where α = (α 1 , ..., α n ). The Main Results. We fix on Dif f I C (n, m) × P OL I C (n, m) the bilinear form
where Dif f I C (n, m) is the set of all partial differential operators with constant complex coefficients. It is obvious that the bilinear form (1) reduces the spaces Dif f I C (n, m) and P OL I C (n, m) to duality. Thus the space P OL * I C (n, m) (the dual of P OL I C (n, m)) can be identified with Dif f I C (n, m), and the dual of Dif f I C (n, m) can be identified with P OL I C (n, m). Lemma 1. Each linear continuous functional f on the space span I C (τ IR n (P )) can be written in the following form
Proof. By Hahn-Banach theorem, each functional f in the space span I C (τ IR n (P )) (for each P (ζ) ∈ P OL I C (n, m), we will denote by span I C (τ IR n (P )) the linear span of translations {P (ζ + x)}, x ∈ IR n ) can be extended to a linear continuous functional on the space P OL I C (n, m) . It is clear that the functional R f (∂) from the above lemma is not uniquely defined.
Let {(∂ α P )(ζ)}α ∈ Z Z P be a basis of span I C (τ IR n (P )). Then each vector (ζ + η) ∈ span I C can be written in the following form
where the polynomials P α (η) ∈ P OL I C (n, m) are defined uniquely. The definition of the linear span of translations at once implies that
This implies that
and the vectors {P α (ζ)} α∈Z Z P are linearly independent since dim I C (span I C (τ IR n (P ))) equals the value of multi-indices from Z Z P .
In what follows f ζ denotes f ∈ P OL * I C (n, m) acting on ζ variable. Lemma 2. For each polynomial P (ζ) ∈ P OL I C (n, m) the following equality holds
The proof is an immediate consequence of the fact that, for any complex numbers C α ∈ I C, α ∈ Z Z P we can determine a linear continuous 
Corollary 1. For each polynomial P (ζ) ∈ P OL I C (n, m) the following equality holds
C (τ IR n (P )) and the vectors (R i (∂)P )(ζ) form a basis of span I C (τ IR n (P )). Thus for some collection C 0 , · · · , C ρ we should have
We introduce the following notations
Theorem. For each polynomial P (ζ) ∈ P OL I C (n, m), the following equality holds
We shall prove that the spaces V ect D (P ) and W ect 0 v are in duality. For this we consider the standard duality V ect
. We need to establish the separability of this bilinear form with respect to both variables.
We assume that the vector R 0 (∂) = θ is fixed. If there does not exist a vector S 0 (ζ) such that (R 0 (∂)S 0 )(0) = 0, then
Consequently, R 0 (∂) = θ, which contradicts the choice of R 0 (∂). This means that there exists a vector
On the other hand let S 0 (ζ) ≡ /0 and S 0 (ζ) ∈ W ect 0 v , we need to prove the existence of R 0 (∂) ∈ V ect D (P ) such that
If such operator R 0 (∂) does not exist, we will have (R(∂)S 0 )(0) = 0 for each R(∂) since S 0 (ζ) ∈ W ect 0 v . But then S 0 (ζ) ≡ 0, ∀ζ ∈ IR n which contradict the choice of S 0 (ζ) ≡ /O.
Consequently the spaces V ect D and W ect 0 v are in duality and the bilinear form which reduces them into duality is separable with respect to both variables. From where implies that II, Springer Verlag, Berlin, 1983 [3] Lars Hörmander, Linear Partial Differential Operators , Springer Verlag, Berlin, Fourth Printing, 1976 
